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Abstract. We establish a twisted analog of our recent work on 
vertex representations and the McKay correspondence. For each 
finite group T and a virtual character of T we construct twisted 
vertex operators on the Fock space spanned by the super spin char- 
acters of the spin wreath products T I S n of T and a double cover 
of the symmetric group S n for all n. When T is a subgroup of 
SL2(C) with the McKay virtual character, our construction gives 
a group theoretic realization of the basic representations of the 
twisted affine and twisted toroidal algebras. When T is an arbi- 
trary finite group and the virtual character is trivial, our vertex 
operator construction yields the spin character tables for T I S n . 



1. Introduction 

The connection among the direct sum of Grothendieck groups of the 
symmetric groups S n for all n and the theory of symmetric functions 
M , 0] has a simple interpretation in terms of a Heisenberg algebra 



and vertex operators ( |[F1|| , see part one of | Jlfl). In the recent works 



|W| , b'JWl ] we have realized a generalization of such a connection by 



substituting the symmetric group S n with the wreath product T n = 
TlS n associated to an arbitrary finite group T. Moreover, we introduced 
a crucial modification of this connection that, in the case when T is a 
finite subgroup of SL 2 (C), yields a group theoretic realization of the 

affine Lie algebra g ||FK|, |Se| and of the toroidal Lie algebra g W% |MRY|1 . 



where g is a complex simple Lie algebra of ADE type whose Dynkin 
diagram is related to T via the McKay correspondence |McJ. 

The main goal of the present work is to extend the above results to 
realize the twisted basic representation of an affine Lie algebra q[— 1] 
and its toroidal counterpart by means of a spin cover T n of the wreath 
product T n associated to a subgroup T of SL 2 (C). 
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The twisting of the basic representation of the affine Lie algebra 
under consideration is determined by the multiplication by —1 on the 
Cartan subalgebra f) of q, and can be viewed as an odd counterpart 
of the even (untwisted) case. This twisting was originally introduced 
as the first step towards the construction of the Moonshine module for 
the Monster group in [ FTJMTl |FLM2|| . As in the homogeneous case one 
starts with a representation of the Heisenberg subalgebra fj[— 1] and 
reconstructs the rest of the twisted affine Lie algebra q[— 1] using the 
twisted vertex operators. 

The representation theory of the spin group S n which is a double 
cover of the symmetric group S n was initiated by I. Schur |S| (also 
see [[To) for an exposition). Its connection with vertex operators was 
further studied in |Jl[| . These results will play an important role in our 
present work. The representation theory of T n was also studied in [ [HH| 
from a Hopf algebra viewpoint. 

In order to work effectively only with the spin representations of T n , 
i.e, those which do not factor through T n , we adopt the approach of 
|Jo| by introducing a superalgebra structure on the group algebra of T n 
and consider its supermodules. It turns out that the superstructure is 
preserved under the main operations such as induction and restriction. 
The direct sum of the Grothendieck groups of spin supermodules of 
T n carries a natural Hopf algebra and we remark that a Hopf algebra 
was constructed in [HH| on a different space. This allows us to realize 
the vertex operators acting in the twisted vertex representations con- 
structed from the sum of the Grothendieck rings. Our group theoretic 
method naturally recovers the basic representations of twisted affine 
Lie algebras g[-l] JEW], |FLM1| , |FLM2|1 . As in ||FJW1|| we realize this 
by introducing a modified bilinear form associated to the McKay vir- 
tual character £ which is twice the trivial character minus the character 
of the two-dimensional natural representation of T in SX2(C). 

Much of our construction is valid for an arbitrary finite group T 
and we have introduced the modified bilinear form associated to an 
arbitrary virtual character £ of T as well. In the special case when £ is 
the trivial character the twisted vertex operators generate an infinite 
dimensional generalized Clifford algebra, which recovers the twisted 
boson-fermion correspondence. We further obtain the super character 
tables of the spin group T n for all n, generalizing the results of |JI |. 

One may generalize the results of this paper to the quantum case as 
it was done in [ FJW2| for the homogeneous picture of quantum affine 
algebras |F J|| . Our results also suggest that various previous construc- 
tions associated to (quantum) vertex representations admit remarkable 
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interpretation via Grothendieck rings of certain finite groups which are 
variations of wreath products, though every new step in this direction 
is unpredictable and brings new surprises. It is a very interesting and 
challenging problem to find such a group theoretic realization. 

The organization of the paper is as follows. In Sect. 2 we present the 
representation theory and structures of the spin group r n . In Sect. 3 
we review superalgebras and supermodules and define the Hopf algebra 
of the super spin characters of T n . In Sect. 4 we introduce the weighted 
bilinear forms in the Grothendieck rings of supermodules and construct 
basic spin supermodules. In Sect. 5 we define the twisted Heisenberg 
algebras and their Fock spaces. In Sect. 6 we establish the isometry 
between the sum of Grothendieck rings of supermodules of T n and the 
Fock space of a twisted Heisenberg algebra. In Sect. 7 we construct 
twisted vertex operators via the induction and restriction functors on 
the Grothendieck rings. In Sect. 8 we obtain the twisted basic repre- 
sentation of the affine Lie algebras 1] and the corresponding toroidal 
algebras. In Sect. 9 we derive the super spin character tables of T n for 
all n from the twisted boson-fermion correspondence. 



2. A DOUBLE COVER OF THE WREATH PRODUCT 

2.1. The spin group S n . In this subsection we discuss some of the 
basic properties of the double covers of the symmetric group, which 
were introduced by Schur in his seminal paper 0]. We will adopt the 
modern account |Jo of Schur's theory. 



Let S n be the symmetric group of n letters, and we use the con- 
vention of multiplying permutations from right to left (different from 
P, Po|). The spin group S n is the finite group generated by z and 
ti,i — 1, • ■ ■ ,n — 1 subject to the relations: 

(2.1) z 2 = 1, t\ = {Ut l+1 ) 3 = z, 

(2.2) tit] = ztjU, i> j + 

(2.3) zti = tiZ. 

Let 9 n be the homomorphism from S n to S n sending ti to the trans- 
position + 1) and z to 1. We see that S n is a central extension of 
S n by the cyclic group Z 2 : 

1 — > Z 2 — * S n — > S n — > 1, 

where the embedding i sends the order 2 element in Z 2 to z. Schur 
determined that H 2 (S n ,C*) - %2 for n > 3. The group S n is one of 
the two double covers of the symmetric group S n (n > 3). Our results 
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in this paper can be easily translated to the other double cover (cf. 
0,0)- 

The group S n has a parity given as follows. Let d be the homomor- 
phism from the free group generated by {ti,z}(i = 1, • • • ,n — 1) to 
Z 2 by d{ti) = 1, i = 1, ■ ■ • , n — 1 and d(z) = 0. It is easily seen that 
d preserves the relations (|2.1[ - |2.3|) . Thus it defines a homomorphism 
from S n to Z 2 , which we still denote by d. An element x G S n is called 
even (resp. odd) if d(x) = (resp. = 1). The parity in S n given 
by d lifts the standard notion of even and odd permutations in the 
symmetric group S n . 

The spin group S n has a cycle presentation due to J. H. Conway 
and others (see [|Wsj1 ). Embed S n into S n+ i by identifying their first 
n — 1 generators tj, i = 1, • • • , n — 1. For i = 1, • • • , n we define 
2<i = titi+i ' ' ' t-n ' ' ' ti+iti G *S*n+i • For a secjuence i\ } • • • , i m of distinct 
integers from {1, 2, • ■ ■ , n} we can define cycles in S n as follows. 



(2.4) [iii 2 •••i r 



TO = 1, 

•2?^, 1 < to < n. 



It is known that n ([ziZ2 ■■■i m ]) = (^2 • • • i m ) an d Qn+i( x i) — (i,n + l). 
We list some useful identities for the cycles. 



(2.5) Xj[iii 2 ■■■i m ] = z m ~ [1x12 • "i m ]xj, (j ^ i s ), Xj = z, 

(2.6) [iiZ 2 • • -im}' 1 = [im ■ ■ -*2*l], 

(2.7) [ziz 2 • • -z m ] = z m ~ l [i 2 H ■ •■wi], 

(2.8) [ixi 2 ■ • -i m ]L7'ij2 ■ ■■Jk] = z^-W^ljxh ■ ■ •i,][i 1 i 2 • - 

(2.9) [i, i + 1, • • • , % + j - 1] = • • • ii + j_2, 

where the cycles [iiz 2 •••««] and [jij 2 • • • jfc] are disjoint. 
Proposition 2.1. |J(J Each element of S n can be presented as 

z p [i x i 2 ■ ■■i m }[j 1 j 2 ■■■jk]-- - , 

where - ■ ■ i m }, {ji ■ ■ ■ jk}, ■ • • is a partition of the set {1, 2, ■ ■ • , n} 
and p — 0, 1. If z v C\C 2 ■ ■ ■ Q = z v d x d 2 ■ • ■ d v are two expressions of the 
same element in terms of cycles Ci and c' i; then I = V and there is a 
permutation a G Si such that 

4 = c u{i) z m \ TOj = |cj| - l(mod2), 

where |q| denotes the length of the cycle q. Moreover if [i x ■ ■ - ik] = 
zTn [ji ■ ■ ■ jk], then j s = a{i s ) for a cyclic permutation o of {z 1; • • • , i k }. 
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Let A be a partition and we identify A with its Young diagram con- 
sisting of I rows of Ai, • ■ • , A; squares respectively aligned to the left. 
A tableau T\ of shape A is a numbering of the squares with integers 
1, 2, • • • , |A|, each appearing exactly once. For each tableau T\ of shape 
A with a numbering an, ■ • • a Ul , a 2 i, ■ • • , a 2 \ 2 , ■ ■■ , a n , • • • , a iXl we de- 
fine the element t\ of S n to be 

(2.10) t\ = [a n ■ ■ -ouj^i ■ ■ -a2A 2 ] ■ • • [an • • -aaj- 

The permutation n!=i( a ii ' ' ' a iA 4 ) associated with t\ will be denoted 
by s(A). It follows from Proposition [O] that the general element in 
S n is of the form z p t\. For a permutation s G S n we also define t s x = 

n<=i[ s ( a <i)--- s ( a iA i )]- 

The following can be checked by induction using (|2.5|) and 



Lemma 2.2. For any two elements t\,t^ in S n associated to tableaux 
T\ and we have that 

2.2. The spin wreath product r ra . In this subsection we introduce 
the main finite group T n in this work, and extend our discussion from 

S n to r n . 

Let T be a finite group with r + 1 conjugacy classes. We denote by 
T* = {7i}[ =0 the set of complex irreducible characters, where 7 stands 
for the trivial character, and by r* the set of conjugacy classes. The 
character value 7(c) of 7 G T* at a conjugacy class c G r* yields the 
character table {7(c)} of T. 

Let -R(T) = ©^ =0 C7i be the space of complex valued class functions 
on T. For c G let ( c be the order of the centralizer of an element in 
the class c, so the order of the class is then |r|/£ c - The usual bilinear 
form on R(T) is defined as follows: 



(f,g)v ^E/W^ 1 ) = ECW). 

where c~ l denotes the conjugacy class G c}. Clearly ^ c = ( c -i. 

We will often write ( , ) for ( , )r when no ambiguity may arise. It is 
well known that 

(2.11) $^7(c')7(c- 1 ) = 5c,c<c c,c'ET*. 

7e r* 
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Thus i?z(r) = ©i =0 Z7j endowed with this bilinear form becomes an 
integral lattice in R(T). 

Given a positive integer n, let T n = T x • • • x T be the n-th di- 
rect product of T, and let T° be the trivial group. The spin group 
S n acts on T n through the action of the group S n by permuting the 
indices: t x (gi, ••• ,g n ) = (g s (\)-i(i),- • ,9s(x)^(n)), and z(gi, ■ ■ ■ ,g n ) = 
(gi, • • • ,9n)- The wreath product r n = T I S n of T with S n is defined 
to be the semi-direct product 

f n = T n x S n = {(g, t)\g = ( 9l , ■ ■ ■ , g n ) G T V G S n } 

with the multiplication 

(g,t)-(h, s) = (gt(h),ts). 

Note that T n reduces to S n when T is trivial. Clearly T n is a central 
extension of T n by Z 2 and |T n | = 2n!|r| n . 

We define a a parity for T n by extending the parity of S n . Let 
d : T n — >■ Z 2 = {0, 1} be the homomorphism from T n to Z 2 given by 

(2.12) d(g,U) = l, d(g,z) = 0. 

Clearly the degree subset T n is the wreath product TlA n , where A n is 
the alternating group, and the degree one part Y l n is the complementary 
subset. 

Let r be a section from T n to T n such that 0t — 1. An element 
x G T„ is called split if t(x) is not conjugate to zr(x). Otherwise x 
is said to be non-split. Clearly this definition does not depend on the 
choice of the section r and two conjugate elements are simultaneously 
split or non-split. A conjugacy class of T n is called split if its elements 
are split. We will also say that an element x G T n is split (resp. non- 
split) if 9(x) is split (resp. non-split). Clearly the class C p splits if and 
only if the preimage ^~ 1 (C P ) splits into two conjugacy classes in r n . 

Any representation n of T n can be viewed as a representation of T n . 
Such a representation it of T n satisfies the property ir(z) = Id. A 
representation n of T n is called spin if ix(z) = —Id. It follows that the 
characters of spin representations vanish on non-split classes. In this 
paper we only consider spin representations. 

We remark that spin representations are sometimes referred as neg- 
ative or projective representations in the literature. 

2.3. Conjugacy classes of Y n . Let A = (Ai, A 2 , • • • , A/) be a partition 
of the integer |A| = Ai + ■ — V \i, where Ai > • • • > A/ > 1. The integer 
I is called the length of the partition A and is denoted by /(A). We will 



TWISTED VERTEX OPERATORS AND MCKAY CORRESPONDENCE 7 



identify the partition (Ai, A 2 , • • • , A;) with (Ai, A 2 , • • • , Aj, 0, • • • ,0). We 
will also make use of another notation for partitions: 

A = (l mi 2 m2 ---), 

where m; is the number of parts in A equal to i. The number n(A') is 
defined to be ( , where A' is the dual partition associated to A. 
We will use the dominance order on partitions. For two partitions A 
and /i we write A ^ p if Ai > p±, \± + A 2 > pi + P2, etc. 

A partition A is called strict if its parts are distinct integers (exclud- 
ing the trivial parts of zero), in which case all the multiplicities are 
1. 

We will use partitions indexed by and T*. For a finite set X and 
p = (p(x)) xeX a family of partitions indexed by X, we write 

IHI = El^)l- 

It is convenient to regard p = (p(x)) xe x as a partition- valued function 
on X. We denote by V(X) the set of all partitions indexed by X and 
by V n (X) the set of all partitions in V(X) such that ||p|| = n. The 
total number of parts, denoted by l(p) = ^2 x l(p(x)), in the partition- 
valued function p = (p(x)) xeX is called the length of p. The dominance 
order is extended to partition-valued functions as follows. We define 
p ^ 7r if p(x) ^ tt(x) for each x. We say that p ^> n if p(x) ^ tt(x) 
and p(x) 7^ n(x) for each x G X. For a partition-valued function p we 
define 

(2.13) n(p') = J2n(p(c)') = J2( P f)- 

c c,i ^ ' 

Let O'P(X) be the set of partition-valued functions (p(x)) x ^x in 
V(X) such that all parts of the partitions p(x) are odd integers, and 
let SV{X) be the set of partition- valued functions p : X — > V such 
that each partition p(x) is strict. When X consists of a single element, 
we will omit X and simply write V for V(X), thus the notation OV 
or SV will be used similarly. 

Lemma 2.3. \OV n (X)\ = \SV n (X)\. 

Proof. The generating function of the cardinalities of strict partition- 
valued functions is 

n n = n n (1 _ q ^ x {l _ q , n) = n na + ^ 

which is the generating function of SV n (X). □ 
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We also define a parity on partitions. For each partition A we define 
d(X) = |A| — /(A). For a partition-valued function p = (p(x)) x( zx we 
define d(p) = J2 X \p( x )\ = IIpII — Kp)- ^ ^ s c l ear that the conjugacy 
class of type A in S n is even if and only if d(\) is even. We define the 
parity of the partition- valued function p to be the parity of d(p). We 
define 

(2.14) V° n (X) = {\eV n (X)\ d(p)=0(mod2)}, 

(2.15) V 1 n (X) = {\eV n (X)\ d(p) = l(mod2)}, 

and define SV^X) = P' n (X) n SV n (X) for i = 0, 1. 

We now recall the description of conjugacy classes of T n JM|. Let x = 
(g, a) be an element in a conjugacy class of T n , where g = (gi, • ■ ■ , g n ). 
For each cycle y = (i±i2 ■ ■ -ik) m the permutation o the element g y = 
9i k 9ik-i ' " " 9h £ T is called the cycle-product of x corresponding to the 
cycle y. For each c G and % > let raj(c) be the number of i-cycles in 
the permutation a such that the cycle products g y lie in the conjugacy 
class c. Then c — ► p(c) = (l m i( c )2 m2 ( c ) • • ■ ) defines a partition- valued 
function on T*. It is known that the partition- valued function (p(c)) ce r„ 
is in one-to-one correspondence to the conjugacy class of x — (g, a) in 
T n and is called the type of the conjugacy class. We will also say that 
an element has conjugacy type p if this element is contained in the 
conjugacy class. 

Let (— l) d be the representation of T n given by x i — > (— l) d ( x \ A 
representation tc of T n is called a double spin representation if 

(-l) d 7T ~ 7T. 

If 7r' = (— l) d ir 7^ 7r, then 7T 7 and n are called associate spin representa- 
tions of r„ . 



The following result was proved in [[Ly] for a double cover of any 
finite group. 

Proposition 2.4. The number of split conjugacy classes ofT n is equal 
to the number of irreducible spin representations ofT n . 

2.4. Split conjugacy classes of r n . We fix an order of conjugacy 
classes of Y: c° = {1},cV"" ,c r - F° r eac h partition-valued function 
p = (p(c)) G ^(r*), we let t p i c i\ be the element of S n associated 
to a tableau T p ^ of shape p(c l ) using the numbers J^jXi-i |p(c- J )| + 
1, • • • , Yuj<i Ip( cJ )I anc ^ we define the element t p to be 

(2.16) t p = t p ( c 0)t p ( c l) • ■ ■ £p( c r), 
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which depends on the sequence T p of the tableaux T p ( c o), • • ■ , T p t c ry We 

remark that the general element of T n is of the form (g, z p t p ), where p 
is the type of the conjugacy class of (g, z p t p ). 

The following theorem is well-known in the case of V = {1} (cf. 
and [Bt[). 



Theorem 2.5. Let p = (p(c)) ce r» be the type of a conjugacy class C p 
in Y n . Then the preimage 0~ 1 {C P ) splits into two conjugacy classes in 
Y n if and only if 

(1) when the class C p is even and all the p(c) (c G T,) are partitions 
with odd integer parts, i.e., p G OV n (T*); 

(2) when the class C p is odd and all the p(c) (c G r*) are strict 
partitions, i.e., p G SV^iT*). 

Proof. (1) Let d(p) be even and let each partition p(c) have odd integer 
parts. Assume on the contrary that (g,t p ) and z(g,t p ) are conjugate 
in ^~ 1 (C p ), where t p is associated to a sequence of tableaux (see Eqn. 
(|2.16| )). Then for some (h,t p ) G T n 

-l 

—1/7 —In , , 



(h,t p )(g,t p )(h,t p ) 



-{h- s(n)(g) ■ s(p)s(p)s(p) (h ),t p t p t: 



(2.17) =(h ■ s(p)(g) • sGoXO^VT 1 ) = (<7, ^ 



') v fJ. v p v n i — (.9? z ^p)i 

where we have used the fact that s(p)s(p) = s(p)s(p). It follows from 



Lemma U that zt p = z d (p) d Mf p M = t p M , since d(p) = 0(mod2). 

Let t p = Cic 2 • • • q and t^ = d x d 2 ■ ■ ■ c\ be their cycle representations. 
Then c, = z mi d v ^ and m ; = |q| — l(mod2) for some v G Si by Propo- 



sition |2.1| . Since each cycle length |cj| is odd, all the cycles mutually 
commute with each other. Substituting q = z mi c' v ^ back and rear- 
ranging the cycles, we have 

I _ _ 2 l+E ! (|c ! |-l) _ z l+d(p) _ z ^ 

which is a contradiction. 

Now suppose that for some c6T, there is an even cycle in p(c) of 
the class C p of type p. That is, there is an element (g, t p ) G 9~ l (C p ) 
such that t p = ■ ■ ■ [iii 2 ■ ■ ■ i 2k ] •• • ■ Consider the element (h, t p ) G T n , 
where t p = [iii 2 ■ ■ ■ i2k] and h = (hi, ■ ■ • , h n ) with hj = 1 for j ^ i s and 
h is — g is , s — 1, • • • , 2k. We claim that 

(h,tp)(g,t p )(h,t p y 1 = (hs(p)(g)s(p)(h' 1 ),t p t p t p 1 ) = (g,zt p ), 

which is shown by two steps. First we consider the jth component of 
hs(p) (g) s(p) (h" 1 ) in P\ It equals 1 • g 3 ■, - 1 = gj when j ^ i s , and it 
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equals g^g^g' 1 ^ = g ia for j = i s . Secondly we have 
tfitpt' 1 = ■■■ [i 2 i 3 ■ ■ ■ kkk] ■■■ = zt p 

by using Eqn. ( [2.71) an d d(p) = {mod2) again. Thus (g,t p ) is conju- 
gate to z(g,t p ). Therefore all partitions p(c) must be from OViT*) if 
0-\C p ) splits. 

(2) Let d(p) be odd. Assume all partitions p(c) are strict partitions. 
If on the contrary (g,t p ) is conjugate to z(g,t p ), then using d(p) = 1 

we have as in ( p.!7|) that zt p = z d ^H s p ^ for the permutation s(p) G S n 
associated to some p G ^(r*). Let t p — Cic 2 • • • C\ and t s p ^ = d x d 2 ■ ■ ■ c[ 
be their cycle representations. Then c, = ^' Ci '~ 1 c' I/( -^ for some v G S\. 
Since s(p) cyclically permutes the indices in each cycles of s(p) we have 
d{ii) = d(p). On the other hand, note that each cycle Cj corresponds 
to one part in p(c) for some c G T* and any conjugation of q still 
corresponds to a part in the same p(c). When we plug the equations 
q = ^' c< ' _1 c^ back to zt p = z d ^h s p ^ we see that v is actually the 
identity since p(c) is strict. Therefore £ 1+ Si(M- 1 ) = z d M _ Then d(p) = 
Yli(\ c i\~ 1) = c^(p) + l (mod 2), which is a contradiction. Hence ^~ 1 (C P ) 
splits. 

Now suppose 6 , ~ 1 (C /3 ) splits. If there are two identical parts in p(c) 
for some conjugacy class c 6 T,, say t p — ■ ■ • [i\ ■ ■ • ik][ji • ■ -jk) • • • for 
(g,t p ) G r„. Then the cycle-products of these two identical parts are 
conjugate, i.e., there exists an element x G T such that 

(2-18) X9h9h-i ■ ■■9j 1 x~ 1 = 9i k 9i k -i ■■■9ix- 

Consider the element (h, t p ) such that t p = ■ ■ ■ [ikjk] and h a = 1 
for a 7^ i s ,j s , and 

his =9i.--' 9hx{g js ■■■g jl )~\ s = 1, • • • , k, 
hjs = 9js ■ ■■9hX' 1 {g is ■ ■•gi 1 )~ 1 , s = 1, • • • ,k. 

Clearly hi k = x and hj k = x" 1 by Eqn. ( |2.18|) . Therefore we have the 
following equations for s — 1, 2, • • • , k (mod k) 

(2.19) h is = g is his-i9l\ K g js h js g, { . 

which imply that hs(p)(g)s(p)(h^ 1 ) = g. Note also that s(p)s(p) = 
s(p)s(a) and d(p) = k (mod2). We see that the conjugation 

(2.20) 

{h^ig^ih^Y 1 = (hs(p)(g)s(p)(h^),z k t s p ^) = (g,z k t s p ^), 
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where we used d(p) = 1. Observe that by Eqn. (|2.8|) 

tf* = " " " [7i " " " 3k] [<x ---«*]-•- = ^ (fc " 1)2 ^ = 

Plugging this into Eqn. fl2.20| ) we obtain that (h, t fM )(g, t p )(h, t^)" 1 = 
z(g,t p ), and this contradiction says that each partition p(c) must be 
strict. □ 

Let C p be a conjugacy class in Y n of type p = (p(c)) c er* £ ^n(r*). 
We fix an order of the conjugacy classes of T as before: c°, • - • , c r . Let 
T p ( c ') be the special tableau such that the numbers (X^=o l/K 07 )!) + 1> 
• • • , X^=o l/ 9 ( c "')l a PP ear m the natural order from the left to right and 
up to bottom in the Young diagram of shape p(c J ), and thus 

(2.21) [p(c% + ■■■ + p(c%^ + Oi-i, • ■ ■ , |p(c*)| + Oi-i], 

where = J2]Zo\p(^)\ and P( c ') = (p( ct )ir ' ' >P( cl )0- We define 
the special element t p by 

(2.22) i" = ^ c V (cl) ---^ (cr) . 

For each split conjugacy class C p in T n of type p, we define the 
conjugacy class in T n to be the conjugacy class containing the 
element (g,t p ). We also define D~ = zD+ . Then 6- l {C p ) = D+ U D~. 
Let (D+)" 1 = {aT^ac G £>+}. We remark that (D+y 1 = z n ( p '\Dp)+ , 
where n(p') is defined in ( [2.131 ) an d p is the partition-valued function 
given by p(c) = p(c _1 ). 

Given a partition A = (I m i2 m2 . . . ), we define 

*A=n im<m < ! - 

i>l 

We note that is the order of the centralizer of an element of cycle- 
type A in S\ X \. 

For each partition- valued function p = (p(c)) c6 r, we define 

z> = n 

cer* 

which is the order of the centralizer of an element of conjugacy type 
P = {p{c)) c& , (see 0). 

Proposition 2.6. The order of the centralizer of an element of con- 
jugacy type p in Y n is given by 




2Z P , C p is split 

Z p , C p is non-split. 
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Proof. Let C p be a conjugacy class in Y n . If 6 1 {C P ) does not split, 
then 9~ 1 (C P ) is a conjugacy class in T n , so its centralizer has the order 
K\/\9- x {C P )\ = K\/\C P \ = Z p . Otherwise 0-\C p ) = D£ U D~, and 
\T n \/\D±\ = 2Z p . □ 

Theorem 2.7. [|HH]| (1) The number of conjugacy classes of T n and 
T° are given by the following formulas: 

\split classes of the group T n \ = 2\SV 1 l (T*)\ + jSP^r*)!, 

\spUt classes of the group T° \ = |57>i(I\)| + 2\SV n (T„)\. 

(2) The number of irreducible double spin representations is equal 
to the number of even strict partition-valued functions on T*, and the 
number of pairs of irreducible associate spin representations is equal to 
the number of odd strict partition-valued functions on F*. 



Proof. The first statement in Part (1) is a corollary of Theorem 2.5 and 



Lemma [2.3| . To see the second equation in (1), we observe that an ir- 
reducible spin representation tt decomposes as follows when restricting 
to the subgroup 



7T p 



rs 




it is a double spin, 
7r is an associate spin. 



Moreover a pair of the associated spin representations, when restricted 
to r°, become the same irreducible representation. Applying the count- 
ing formulas in (1) we obtain Part (2). □ 

We remark that the number of split conjugacy classes of T n contained 
in T° is equal to \SV*(T m )\ + \SV° n (T,)\ = \OV n (T,)\ by Theorem ET5. 



3. The Hopf algebra _R r of super spin characters 

3.1. Superalgebras and supermodules. We basically follow the ex- 
position of |J(J in this subsection. A complex superalgebra A = A (BAi 
is a Z 2 -graded complex vector space with a binary product Ax A — ► A 
such that AiAj C A i+ j. 

A vector space V = Vq © V\ is a supermodule for a superalgebra 
A = A Q © A\ if AjVj- C V i+ j. Elements of Vi are called homogeneous. 
A linear map / : M —>■ N between two A-supermodules is a super 
homomorphism of degree i if f(Mj) C Mj +J - and for any homogeneous 
element a e A and any homogeneous vector m G M we have 

f(am) = (-l) d(aW) af(m). 
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Let 



Hom A (M, N) = Hom A (M, N) © Hom A (M, iV)i, 

where Hom A (M, N)i consists of A-super-homomorphisms of degree % 
from M to N. 

Let V = Vo©Vi and W = Wo@Wi be two supermodules. The tensor 
product V®W is also a supermodule with (V®W)i = J2k+i=i(mod2) ^fc® 
Wi. Sub modules, irreducible or simple supermodules are defined simi- 
larly as usual. Two examples of complex simple superalgebras are given 
in order. 

Let r, s G N. We define M(r\s) to be the C-superalgebra of (r + s)- 
square matrices with the grading 



M(r\s) 
M(r\s) 1 



A 

D 

B 

C 



\A e M r>r (C),De M S)S (C)}, 
\B G M rjS (C), C G M Sjr (C)} 



and the operations are the underlying usual matrix addition and mul- 
tiplication. As in the ungraded case, M(r\s) can also be viewed as 
the superalgebra of Z 2 -graded linear maps of C r l s = C © C s with the 
usual superpositions of maps. It is easily seen that M(r\s) is a simple 
C-superalgebra and C r ' s is a simple M(r |s)-supermodule. 

Another example is the C-superalgebra Q(n). As a supervector space 
it is defined by 



Q(n)o = { 



Q(n)i = { 



A 

A 

B 

B 



\A g M n , n (C)}, 



\B g M n>n (C)}. 



The superalgebra structure is given by the usual matrix multiplication. 
The space C n '" is also a Q(n)-supermodule under the usual matrix 
multiplication. 

Wall [|W1|| showed that these two simple superalgebras are the only 
two types of simple superalgebras over C. In the sequel we will call the 
supermodule C r ' s of type M if it is considered as a M(r super module 
and C n ' n of type Q if it is considered as a Q(n)-supermodule. 

For any finite group G and a subgroup H of index 2, we set the 
parity of elements of H (resp. G\H) to be even (resp. odd). The 
corresponding group superalgebra of G is semisimple (see [0). In the 
case of the spin wreath product T n and the subgroup T° = T n I A n , 
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this parity agrees with the parity given by the homomorphism d (see 
( |2.12| ). As a superalgebra, C[T n ] is given by 



(3.1) C[T n ] = {J2a 9 g\geT° n }, 

9 

(3.2) cifni^^^beri}, 

9 

and the product is the usual multiplication. 

Proposition 3.1. There exists an isomorphism of C-superalgebras 
C[f n }^^M( ri \ Sl )(B^Q(n,). 

i j 

Any finite dimensional C[T n }-supermodule is isomorphic to a direct sum 
of simple supermodules of type M and Q. 



By the definition of spin representations and Lemma |2.3| we know 
the number of irreducible spin supermodules for T n . 

Proposition 3.2. The number of irreducible spin supermodules ofT n 
is equal to |iSP n (r*)| ; the number of strict partition-valued functions on 
IV IfV is an irreducible T n -supermodule of type M, then its underlying 
T n -module is irreducible. IfV is an irreducible Y n -supermodule of type 
Q, then its underlying V n -module decomposes into two irreducible T n - 
modules U and U' , where U' = U as a vector space and its action is 
given by a.u = {—l) d ^au for any homogeneous element a e Y n . 

3.2. Induced supermodules. Let G be a finite group with a central 
involution z and a parity epimomorphism d : G — > Z 2 such that d(z) = 
0. Let if be a subgroup of G containing z such that the restriction of 
d on H is not identically zero. Such a pair (G, H) of finite groups will 
be called an admissible pair of finite groups. 

The group algebras C[G] and C[H] become superalgebras with G° = 
ker{d),H° = ker{d\ H ) and G 1 = G\G°, H 1 = G\H°. 

Let W be a C[ff]-supermodule. We define the induced supermodule 
Ind%W for C[G] by 

(3.3) Ind%W = C[G] ® c[m W 

with the action given by g(h <S)w) = gh®w. Clearly Ind%W is a spin 
supermodule if W is a spin supermodule. 

The following lemma can be checked similarly as the ordinary case 
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Lemma 3.3. Let (G,H) be an admissible pair of finite groups. Let V 
be a C[G]-supermodule and W a C[H]-sub-supermodule ofV\u- Then 
V is equal to Ind^W if and only if 

(3.4) ^=0 sW, 

seG/H 

where sW denotes the subspace x.W (x G s) of the supermodule V. 

Let (G, K) be another admissible pair of finite groups. Consider 
the double cosets HsK of H and K in G. For s G H\G/K the set 
H s := s~ 1 Hs(lK is a subgroup of K. The following analog of Mackey's 
theorem can be proved similarly as in the ordinary case using Lemma 



3.3 



Proposition 3.4. Let (G, H) and (G, K) be admissible pairs of finite 
groups as above. Then we have 

(3.5) Res K Ind%W ~ Ind%Res Hs W 

seH\G/K 

as supermodules . 

3.3. The space R~ (T n ) . A spin class function on T n is a class function 
map from T n to C such that 

f( zx ) = -f(x). 

Thus spin class functions vanish on non-split conjugacy classes. A spin 
super class function on T n is a spin class function / on T n such that 
/ vanishes further on odd strict conjugacy classes. In other words, / 
corresponds to a complex functional on OV n {T*) in view of Theorem 

H 

Let R (r n ) be the C-span of spin super class functions on r n . Let 
R(T n ) be the C-span of class functions on r n . Let R°(T n ) be the 
subspace of the class functions f(x) such that f(zx) = f(x),x G T n , 
and let i? 1 (r n ) be the space of spin class functions. Then we have 

R(f n ) = R°(f n )®R 1 (f n ), 
R-(f n )cR\f n ), &>(r n )~R(r n ). 

In this paper we will focus on the space R~(T n ). We remark that 
i? 1 (r n ) can be identified as a vector space with the Grothendieck ring 
of spin representations of T n , and it is not difficult to recover i? 1 (r n ) 
from R~{T n ) using Proposition |3~2. 
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The standard inner product ( | ) on -R(r„) induces an inner product 
on R~(T n ). For two spin super class functions /, g G R~(T n ) we define 

(f,g) = (f,g)f n 

(3-6) = J- f(*)9(x~ l ) = l(f,9)fo, 

where (/, g)f is the inner product of f\f and g|f in the space of class 

functions on the subgroup T° n . Since even split conjugacy classes of T n 
have the form {Z}+}U {D~} and f(D+) = —f(D~), we can rewrite the 
inner product by using Proposition 



(3-7) (f,g) = Y fip)9 ^ 

P eov„(r,) p 

where f(p) = f(D+) and p is defined in Sect. |2^. In the sequel we 
will fix the value of a class function at p G OV n {T*) to be the value at 
the conjugacy class D+. 

Let V = Vo © V\ be a r n -supermodule. We define the character of V 
as the function xv '■ x t— > tr(x), x G r n . Clearly xviXl) = 0. 

Proposition 3.5. The characters of irreducible spin Y n -supermodules 
form a C-basis of R~(T n ). Let <p and'-/ be two irreducible characters of 
spin supermodules, then 

if (j) ~ 7 ; type M 
(3.8) (0, 7 )= {2 z/0~7, typeQ . 

otherwise 

Conversely, if (/, /) = 1 /or / G i2~(r n ), £/ien ±/ affords an irreducible 
spin T n -supermodule of type M. If (/, /) = 2, then either ±/ is the 
character of an irreducible spin supermodule of type Q or f is a sum 
or difference of two irreducible characters of spin supermodules of type 
M. 

Proof. Let £ c be the characteristic function on the conjugacy class c. 
Then R~(T n ) is spanned by £ c , where c ranges over the set of split even 
classes. Thus dim(R~ (T n )) < \OV n (T t .)\. 

On the other hand we see that the characters of spin supermodules 
are class functions in R~(T n ) since the trace of any odd endomorphism 
is zero. Let 4> and 7 be the characters of two irreducible spin super- 



modules of r„. It follows from Proposition |3.2| that the underlying 
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module of (j) or 7 is either irreducible module or the sum of two as- 
sociated irreducible modules according to their types, which implies 
immediately the orthogonality relation ( |3.8|) . Therefore the matrix of 
the inner product is orthogonal on the set of super spin characters. 
Then by Lemma |273| and Proposition |3.2| 



dtm(R-(T n )) > \SP n (T m )\ = \OV n (T*)\. 

Thus the two inequalities above become equality, and so the irreducible 
characters of spin r n -supermodules form a Z-basis in R~(T n ). 

The last characterization of irreducible supermodules follows from 
the semi-simplicity of the superalgebra C[T n ] and the usual orthogo- 
nality of ordinary irreducible characters. □ 

3.4. Hopf algebra structure on We now define one of our main 

objects 



^F = 0iT(r n ). 



n>0 

Let T„ x T m be the direct product of r„ and T m with a twisted mul- 
tiplication 

(t,t')-(s,s') = (tsz dit ' )dis \t's'), 

where s,t G T n ,s',t' G T m are homogeneous. Note that |r n xr m | = 
|r n ||r m |. We define the spin product of T n and T m (see [HH] ) by 

(3.9) r„xr m = f n xf m /{{i,i),{z,z)}, 

which can be embedded into the spin group T n+m canonically by letting 

(3.10) ((<7,*D,i) - (g,U), (h(g,t'j)) ^ (g,t n+j ), 

where i = 1, . . . , n — 1, j = 1, . . . , m — 1. We will identify r n xr m 
with its image in T m+n and regard it as a subgroup of T m+n . Clearly 
#n+m(r„xr m ) is the pull-back of T n x Y m . 

Remark 3.6. Partition {1, 2, • ■ ■ , n+m} into a disjoint union of subsets 
/ and J with |/| = n and \ J\ = m. Then r n xr m can be embedded into 
Tn+m using a similar map as (|3.10|) by mapping the generators of S n 
and S m to the generators of S n+m indexed by I and J respectively. One 
can check that all such embeddings of r„xr m are conjugate subgroups 

The subgroup r„xr m has a distinguished subgroup of index 2 con- 
sisting of even elements given by d. We define i?~(r n xr m ) to be the 
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space of spin class functions on r n xr m that vanish on odd conjugacy 
classes of r n xr m . 

For two spin supermodules U and V of T n and T m we define the 
super (outer) -tens or product U <8> V by 

(t, s) ■ («® v) = (-l) dis)d{u) (tu <g> sv), 

where s and u are homogeneous elements. We see immediately that 

(z', z") -{u®v) = (-u) (g) (-«) = u ® u, 

(z, 1) • (u <g) u) = — (u <g) u). 

This says that U ® V is a spin r n xr m -supermodule. 

The following is a direct generalization of a result in [ Jo| for trivial 

r. 

Proposition 3.7. Lei U and V be simple supermodules for T n and T m 
respectively. Then 

1) If both U and V are of type M, then U ®V is a simple r„xr m - 
supermodule of type M. 

2) If U and V are of different type, then U ®V is a simple T n xr m - 
supermodule of type Q. 

3) If both U and V are type Q, then U (g) V ~ N © N for some simple 
T n xT m -supermodule N of type M. 

The super (outer)tensor product defines an isometric isomorphism 

(3.ii) ir(f n )6?)ir(f m ) ^ ir (f n xf m ), 



which is actually an isomorphism over Q by Proposition p/T . 

The space i?f carries a multiplication defined by the composition 

(3.12) m : iT(f n ) (g) iT(f m ) ^5 iT (f n xf w ) ^ R'(f n+m ), 
and a comultiplication defined by the composition 

n 

A : R-(T n ) J R-(f„_ m xf m ) 

(3.13) m =° 

^^^-(^^(^^-(fj. 

m=0 

Here /no? and Res denote the induction (see ( |3.3|) and restriction func- 
tors respectively. The isomorphism _1 is equal to (Bo<m<n4>n-m m ( see 

(ED)- 

Theorem 3.8. T7ie a6o^e operations define a Hopf algebra structure 
for R~ . 
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Proof. Using Remark |3.6| twice we observe that the following two em- 
beddings give rise to two conjugate subgroups in T n+m+ i (see Remark 
Op: 

(T n xT m )xTi <— > r n _|_ TO _|_; <— 5 r n x(r TO xr^). 



Using this and Lemma |0] we can easily check the associativity of the 
product. 

For a simple supermodule V we define 



(3.14) c(V) 



V is type M 

1 V is type Q 



Let V±, V 2 , and V 3 be simple supermodules for C[r n ], C[r m ], and C[Ti] 
respectively. It is easy to see that c(Vi,V 2 ) = c(Vi)c(V 2 ) satisfies the 
co cycle condition 

(3.15) c(K, V 2 ) + c(Ux ® V 2 , V 3 ) = c(V 2 , V 3 ) + c(K, V 2 ® V 3 ). 

Therefore we can define c{V\ ® V 2 ® V3) to be either of the above ex- 
pressions. 

Using the cocycle c we prove the coassociativity as follows. Let U be 
a C[r„] -supermodule and suppose that Res^ m -p ^f-JJ = ®iUi(m,l,k) 
as an irreducible decomposition. Then we have 



A)A(i7) = (1 ® ifeaj^^tf 

= 2- c ^ m ' l ^U l (m,l,k) 

m+l+k=n,i 



m+i+fc=n 

= (A <g> 1)A(£7), 

where we used the cocycle condition in the third equation, and the 
notation Y^,^ Ui stands for the multiplicity-free summation of the 
irreducible components (c.f. Proposition |3.7| and definition of 0). 

Finally we look at the compatibility of multiplication and comulti- 
plication. Fix m and n, it follows from Proposition |3.4| that 



A(U-V)= r k lR^ k ^IndllX~J> m , n {U®V) 

k+l=m+n 



k+l=m+n s 
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where s runs through the double cosets r m xr„\r m+n /r fc xIY Notice 
that the double cosets are in one-to-one correspondence with the double 
cosets T m xT n \T m+n /T k xTi. Again by the cocycle property of c and 
counting the double cosets we can check that the last summation is 
exactly A(U) ■ A(V). □ 



Remark 3.9. Our Hopf algebra is different from that of |[HH|| where a 
bigger space than our i?p was used. 

The standard bilinear form in is defined in terms of those on 
R~(T n ) as follows: 



( u ,v) = ^(u n ,w n ) Fn , 

n>0 

where u = Y Jn u n and v = J2 n v n witn u n ,v n eT n . 

4. Basic spin representations of r n 

4.1. A weighted bilinear form on R(T) and i?~(f n ). In ||FJW1|| 
we introduced the notion of weighted bilinear forms on R(T) and coher- 
ently combined several examples in this concept. We will also similarly 
define weighted bilinear forms on the space R~(T n ). 

Let £ be a self-dual class function in R(T), i.e. £(c) = £(c _1 ). Let 
* denote the product of two characters in -R(T), which is afforded by 
the tensor product. Let 6 C be the (virtual) multiplicities of jj in 

r 

(4.1) s*~< ^2"i.r. r 

j=0 

We denote further by A the (r + 1) x (r + 1) matrix (ay)o<j,j<r- Then 
the weighted bilinear form (f,g)^ is defined by 

(f,9h = (Z*f,g)r, f,geR(T). 

Alternatively it can be explicitly given by 



(4.2) = j^^mmgic- 1 ) 

cer» 

(4-3) = J2^(c)f(c- 1 )g(c) 



cer» 
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In particular, Eqn. (|4.1|) is equivalent to 



(4.4) ( 7i , = a^. 

The self-duality implies that A is a symmetric matrix. Note that the 
weighted bilinear form becomes the standard bilinear form when £ = 70, 
the trivial character of V. 

Let V be a spin supermodule for T n and W a module for T n . As a 
Z 2 -graded vector space W®V = W®Vq®W®V\ and the action of 
r„ is defined by 

(4.5) 

{g, z p t p )(w ®v) = {g, s(p)) -w®(g, z%) -v, g eT n ,aE P n (I\). 

It is easy to check that the tensor product V ® W is a spin T n - 
supermodule. This construction defines a morphism: 

(4.6) R(r n )®R-(r n )^R-(r n ). 

Let us recall the construction of character rj n {0 in JWj, jFTWTJ- Let 7 



be an irreducible character of T afforded by the T-module V, the tensor 
product V® n is naturally a r n -module by the direct product action of 
T n composed with permutation action of the symmetric group S n . The 
resulting character of T n is denoted by ^(7). Furthermore we can 
extend r\ n from T* to R{T). The character value of rj n (^) at the class 
p = (p(c)) is given by 



(4-7) Vn(0(p)= n^ c ) 



l(p(c)) 

cer» 



It is clear that the class function rj n (^) is self-dual as long as £ is. 
We now introduce a weighted bilinear form on R~(T n ) by letting 

(f>9h,f n = ^niO * f'9)r n , f,9 e iT(f n ), 

where we used the map ([4.6|). The self-duality of ??„(£) implies that the 
bilinear form ( , )^ is symmetric. 

Remark 4.1. When n = 1, this weighted bilinear form obviously re- 
duces to the weighted bilinear form on -R(r) defined in 

The bilinear form on R^ = @ n R~~ (r„) is given by 

n>0 

where u = Y, n u n and v = H n v n witn u n ,v n G i? _ (r n ). 
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4.2. Basic spin representations. Let the Pauli spin matrices be 



(Tq = 


1 0" 
1 






"0 1 
1 


a 2 = 





-V-i 






0"3 



1 c 

- 

Let C 2 k be the Clifford algebra generated by e%, e 2 , • • • e 2 k with relations: 



-2<) iy 



Thus e"j = —1. The Clifford algebra C 2 k is endowed with a natural 
superalgebra structure by letting the parity of to be odd for each i. 
When jfe = 1, one has that C 2 ~ M(l|l) = EndiC 1 ^) and the action of 
C 2 on C 1 ' 1 is given by the Pauli spin matrices: 

ei h-> \/-Tcri, e 2 h-> \/^Tcr 2 . 

More generally we have C 2fc = End(® k C 111 ) ~ M^* -1 ^* -1 ). The 
tensor product ® fc C 1 ' 1 admits a canonical supermodule structure for 
the Clifford algebra C 2k under the action 



(4.9) 
(4.10) 



e 2? -i 



e 2j 



-Id, 

"T c 
-lcr. ; 



<8> 0"i <S> cr 



0"2 



i(k-j) 



k, 
k. 



The above formulas define explicitly the structure of a simple C 2 k- 
supermodule on ® fc C 1 ' 1 . 



Let C 2 k+i be the Clifford algebra generated by e. 



2fc+ 1 



with similar relations like ( f4.8|) . We embed C\ into End^C 1 ^ 1 ) by 1 i— > 
Id, ei I— > V — Then 

C 2fc +i ^ C 2fc ® d Enrf(® fc+1 C 111 ) 

gives a C 2 fc+i-supermodule structure on ®* +1 C 1 l 1 . The explicit action 
is given by the same formulae ( |4. 9)44.10]) , except that j — 1, • • • , k + 1 
in (p|). Observe that C 2k+1 ~ Q(2 fc ). 

It is well-known (see e.g. ||Jo|| ) that there exists an embedding of 
S n into the multiplicative Clifford group of units in C n _i. Therefore 
®[f IC 1 ' 1 can be regarded as a ^-supermodule, which is called the basic 
spin supermodule for S n . More explicitly we have 

Proposition 4.2. |S|, [Jo] 77ie frasic spin supermodule for S n is 'C 1 ' 1 
TOi/i the action 



(4.11) 



/j + 1 

< 

2j 



'i-i 
— i 

2j 



, n — 1. 
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Here we take e = 0. Its character Xn is given by 

{2 1 ^/ 2 ifae OV n , n even 
2 (K«)-i)/2 if a e OVn, n odd 
otherwise. 

In particular Xn(l) — 2 Til. Here \a\ denotes the largest integer < a. 

Proposition 4.3. |S|, |Mo|l 1 ) Let n > 1 be an odd integer. The basic 
spin supermodule (g)( ri ~ 1 )/ 2 C 1 ' 1 is an irreducible S n -module under the 
action ( ^.11 ). Its character x n is given by the second equation of 



In particular Xn(l) = 2^ n 1 '' 2 . 

2) Let n > 1 be an even integer. The basic spin supermodule is a 



reducible S n -module under the action and decomposes into two 

irreducible S n -modules whose characters xt are given by 

ifae OVn, 




(1.13) xtioc) = { ±(v^T) n/ yi 

otherwise. 
In particular, Xn (1) = 2 ( - n ~ 2 ^ 2 . 

4.3. The spin character 7r ra (7) of T n . Let V be a r-module afforded 
by the character 7 e -R(r), and let U be a spin supermodule (resp. 
module) of S n with the character ir. The tensor product V® n ®U has a 
canonical spin supermodule (resp. module) structure for Y n as follows 
(compare Q4.5T) ). For any g = (<7i, • • • ,g n ) e T n let (g,z p t p ) be an 
element in T n - The supermodule (resp. module) structure is defined 
by 

(g, z p t p ).(vi <g) • • • <g> v n <S> u) 

= giv s [ p )-i(i) ® • ® {z p t p u). 

We denote by vr„ (7) the character of the constructed spin supermodule 
(resp. module). 

Recall that the conjugacy class contains an element (g, t p ) (see 
(O)). 



Proposition 4.4. Let 71 be the character of a spin S n - supermodule. 
Then the character values of 7T n (l) at the conjugacy classes (p e 
OV n (T*)) are given by 

(4.14) Kn(l)(Df) = ±7t(t») n 7 (c)' Wc)) . 
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Proof. Consider (g,z p t p ) G T n , where g = (g\, . . . ,g n ) G T n and t p is 
an n-cycle, say t p = [12 ... n}. Denote by ei, . . . , a basis of Vy, and 
we write gej = ^2 i aij{g)e il a^g) G C. It follows that 

(g,z p t p )(e h ® . . . g> e jn ® u) 

= 9i(e jn ) ® 92(e jl ) ■ ■ ■ ® 9n(e jn ^) ® z%,(u), 
Thus we obtain 

ir n (j)(z p t p ) = trace a(# n )a(# n _i) . . . a{gi)-K{z p t p ) 

= trace a(g n g n ^i . . . gi)ir(z p t p ) = -f(c)Tc(z p t p ), 

where we notice that g n g n _\ . . . g\ lies in c G IV 

Given xxy G T n , where x G T r and y G T n _ r , we clearly have 
^n(l)(xxy) = Tr n ( r y)(x)7T n ( r y)(y). Thus it follows that for the conjugacy 
class D p G T n of type p, we have 

vr„( 7 )( J D p ± ) = ± 7 r(^n^ c )' (P(C) ' 

cer» 

where ||p|| = n. □ 

Since the sign character is trivial at even classes, we can extend 
naturally n n to a map from R(T) to R~ (T„) (compare with [|W], |FJW1|| ). 
For two T-characters (3 and 7 we define. 

n 

(415)^-7) = Y^i-lTlnaf xF K_ m (/3) ® 7r m ( T )]. 

m=0 

When n is even, the character Xn of the basic spin supermodule (see 
Sect. fi~2| ) decomposes into the sum of irreducible characters xt °f 
r n -modules. For each c 6 T,, we define the special partition- valued 
function c^ n ' G "P(r#) such that 

(4.16) c W( c ) = (n), c W( c / )=0, fore' ^ c. 

The following corollary is an immediate consequence of Propositions 
£1 and O. 



Corollary 4.5. The character value of Xn(l) a t the conjugacy 
class of type p is 



(4.17) Xn(l)(p) 



2 (i(p)-«)/ 2 n 7(c) /(p( C )) p 6 op n (r,) 



otherwise 
where n is or 1 depending on whether n is even or odd. 



1 
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(2) Let n be an even positive integer. The character values ofxtil) 
at the conjugacy class of type p are 

(4.18) xi{l){p) = I ±(v / ^l)" /2 Vf7(c) P = 

I otherwise 

4.4. Two specializations. Let d{ = 7i(c°) be the dimension of the 
irreducible representation of T afforded by the character 7$. Let A be 
the matrix of the bilinear form ( | ) on R(T) with respect to the basis 
7j. Observe that the vector 

«< = (7o(c < ),Ti(c < ),...,Tr(c i )) t , (i = 0,...,r) 

is an eigenvector of the matrix A with eigenvalue £(c 4 ). 

Two special choices of the weight function £ will be our prototypical 
examples. The first choice is that £ = 70, the trivial character. 

Let 7r be the character of the 2-dimensional representation of T given 
by the embedding of T in SL/2(C). Let 

Then the weighted bilinear form ( , )g on becomes positive semi- 
definite. The radical of this bilinear form is one-dimensional and span- 
ned by the character of the regular representation of T 



6 = J2 d < 



The following is the well-known list of finite subgroups of SL 2 (C): the 
cyclic, binary dihedral, tetrahedral, octahedral and icosahedral groups. 
McKay observed that they are in one-to-one correspondence to simply- 



laced Dynkin diagrams of affine types |Mcj: an = 2 for alH; if Y 7^ Z/2Z 
and i 7^ j then a^- = or —1. If T = Z/2Z then aoi = —2. 

5. Twisted Heisenberg algebras and T n 

5.1. Twisted Heisenberg algebra f)r^[ — 1]. Let f)r,^[— 1] be the in- 
finite dimensional Heisenberg algebra over C, associated with a finite 
group T and a self-dual class function £ e R(X), with generators 
a m (j),m e 2Z + 1,7 e T* and a central element C subject to the 
relations: 

m 

(5.1) [a m (j),a n (j')} = — S m ^ n (j,j')^C, m, n 6 2Z + 1, 7, 7' <E T*. 
We extend a m (j) to all 7 = X]i=o s *^ e -^(-0 (si G C) by linearity: 

fl m(7) = X^ S i a m(7i)- 



2(> 
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The Heisenberg algebra may contain a large center because the bilin- 
ear form (•, •)£ may be degenerate. The center of fjr,^[ — 1] is spanned by 
C together with a m (7), m G 2Z + 1, 7 G R°, the radical of the bilinear 
form (•, •)£ in R(T). 

For m G 2Z + 1, c G T* we introduce another basis for f)r,c[ — 1]: 

(5.2) a m (c) = ^ 7(c _1 )a m (7). 

76 r* 

The orthogonality of the irreducible characters of T ( 2.11|) implies 
that 

cer, 

Proposition 5.1. The commutation relations among the new basis for 
f)r,g are given by 

[a m (c' ),a n (c)] = —5 m - n 5 c > )C ( c £(c)C, c, c' G T*, 

where m, n G 2Z + 1 . 

Proof. The proof is similar to the untwisted case |F J W 1 1 . □ 



5.2. Action of rjr,g[— 1] on Sp~ and 5"p. Denote by Sp~ the symmetric 
algebra generated by a_ n (7),n G 2Z + + 1,7 G T*. There is a natural 
degree operator on Sp~ 

deg(a_ n (7)) = n, n G 2Z + + 1, 
which makes Sp" into a Z + -graded space. 

We define an action of f)r,f[ — 1] on Sp~ as follows: a_ n (7),n > acts 
as a multiplication operator on Sp~ and C as the identity operator; 
a n (j), n > acts as a derivation of the symmetric algebra 

a n {l)-a~n 1 {<yi)a^ n2 (a 2 ) . . .a_ nk (a k ) 

k 

— m (cKl)O— ri2 (^2) • • • ^—rii ipi) • • ■ &—n k ipk) ■ 

i=l 

Here > 0, ojj G -R(T) for i = 1, . . . , k, and a_ ni (aj) means the very 
term is deleted. In other word, the operator a n (7),n > 0,7 G -R 
acts as 0, and a n (j),n > 0,7 G R(T) — i?° acts as certain non-zero 
differential operator. Note that Sp~ is not an irreducible representation 
over fjp^ in general since the bilinear form ( , )^ may be degenerate. 

Denote by Sp the ideal in the symmetric algebra Sp~ generated by 
&-n{.l), n G N, 7 G -R . Denote by Sp the quotient S^/S®. It fol- 
lows from the definition that Sp 1 is a subrepresentation of Sp~ over the 
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Heisenberg algebra f)r,£[ — !]• in particular, this induces a Heisenberg 
algebra action on Sr which is irreducible. The unit 1 in the symmetric 
algebra is the highest weight vector. We will also denote by 1 its 
image in the quotient Sr- 

5.3. The bilinear form on S r . The space Sp~ admits a bilinear form 
( , )'c determined by 

(5.3) (1,1)^ = 1, a n ( 7 )* = a_ n ( 7 ), nG2Z + l. 

Here a n {pf)* denotes the adjoint of 0^(7). 

For any partition A = (Ai, A 2 , . . . ) G OV and 7 G T*, we define 

o-a(7) =0-Ai(7)a-A a (7)---- 
For p = (p( 7 )) 7 er* G CP(r*), we define 

a- p = Yl g -p(7)(7)- 
7er* 

It is clear that a_ p ,p G C?P(r*) form a basis for S^ . 
Similarly we define 

a_ A (c) = a_ Al (c)a_ A2 (c) . . . 

for any partition A = (Ai, A2, • • • ) G OV and c G r*. For any p = 
(p(c)) ce r» G OT^r*), we further define 

°-p = n a -^)( c )- 

cer. 

The elements a'_ p ,p G OT^r*) provide a new C-basis for 5p. 

Recall that p G CP^*) is given by assigning to c 6 T, the partition 
p(c _1 ), which is the composition of p with the involution on given 
by c 1— > c _1 . It follows from Proposition |5.1| that 

(5.4) (^^H^n^- f/,peOV{r.). 

cer. 

Remark 5.2. Sp can be characterized as the radical of the bilinear form 
( , )g in Sp" . Thus the bilinear form ( , )^ induces a bilinear form on 

Sr which will be denoted by the same notation. 
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6. ISOMETRY BETWEEN AND S r 

6.1. The characteristic map ch. We define a C-linear map ch : 
R r — > S r by letting 

(6.i) ch(f)= Yl —f(py-- P > 

P eov(r*) p 

where f(p) = /(£)+). The map ch is called the characteristic map 
(compare with 0, [To] f° r T trivial). 

Fix n G 2Z + + 1 in this paragraph. Denote by D n (c) + , (c G T,) the 
conjugacy class in T n of elements (x, t s ) G T n such that s is an n-cycle 
and the cycle product of (x,t s ) is c. Then set D n (c)~ = zD n (c) + . 
Thus D„(c) ± are the associated split conjugacy classes of type c- n ' 
(see fl4.16| )). Denote by a n (c) the super class function on T n which 



takes value ±^Cc on elements in the conjugacy classes D n (c) , and 
elsewhere. For p = {i™^} G OV n (T*), a p =IL e 2Z + +i, cG r. ^(c) m * (c) is 
the class function of T n which takes value ±2~ l( - p ^ 2 Z p on the conjugacy 
classes and elsewhere. Given 7 G -R(T), we denote by a n {^() the 

class function on Y n which takes value ±^=7(0) on /}„(c) ± , c G T*, and 
elsewhere. 

The following lemma is not difficult to verify. 

Lemma 6.1. The map ch sends a p to a'_ . In particular, it sends 
<r n (c) to a_ n (c) in and <r n (7) to a_ n (7) for n G 2Z+ 1. 



In Sect. fT2| , we will see that the space has another distinguished 
basis consisting of generalized Schur Q-functions, which give rise to 
some integral basis in R~(T n ). 



6.2. The image of Xn{l) under ch. Recall that we have defined a 
map from R(T) to R~(T n ) (Subsection POI). 



Proposition 6.2. For any 7 G R(T), we have 



(6.2) 



n>0 \n>l,odd / 



where n is or 1 according to n is even or odd. 



TWISTED VERTEX OPERATORS AND MCKAY CORRESPONDENCE 29 



Proof. The character value of Xn(j) 1S given in Corollary [4.5| , and we 
have 



n>o p cer* 



n(E( 2 C 1 7(c)) / -^ A ^'-Ai/'):' 



cer* a 

\n>i cer, / 
= exp|^-a_ n (7)^ n ). 

\n>l W / 

Let (3, 7 be the characters of two representations of V. It follows from 



n>0 



-z) n 



( ]4T5l ) that 

^2^ 2 ch( Xn (/?- 7 ))z" 
£ 2^ 2 ch( Xn (/3))^ J • ( £ 2^ 2 ch( Xn ( 7 ))(- 

n>0 / \n>0 

= expl ^ ^a_ n (/3- 7 )z n I. 

\n>l,oc(c( / 

Therefore the proposition holds for /3 — 7, and so for any element 7 G 
Rz(T). ' ' □ 

Corollary 6.3. The formula holds for any 7 G -R(T). In par- 

ticular Xn(£) self-dual if £ is self-dual. 

Component-wise, we obtain 

_, _ 2 J W 
ch( Xn ( 7 )) = 2-^ 2 ^ o_ p ( 7 ), 

p ^ 

where the sum runs through all the partitions p of n into odd integers. 

6.3. Isometry between and . It is well known that there 
exists a natural Hopf algebra structure on the symmetric algebra 
with the usual multiplication and the comultiplication A characterized 
by 

(6.3) A(a_ n (7)) = a_„ (7) <8> 1 + 1 <g> a_„ (7), n G 2Z + + 1. 
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Recalling the Hopf algebra structure on R r defined in Sect. [O 



we can 



easily verify the following proposition as in the untwisted case. 



Proposition 6.4. The characteristic map ch : _R r — > S r is an iso- 
morphism of Hopf algebras. 

Proof. By counting dimensions of homogeneous degree subspaces it is 
easy to see that ch is an isomorphism of vector spaces. The algebra 
isomorphism follows simply from the Frobenius reciprocity. To check 
the coalgebra isomorphism we use Proposition |T2] to pass from the 
generators a n {^) to the character Xn{l)- It is then a simple calculation 
to verify that Xn{l) is group-like under the comultiplication ( |3.13|) , and 
this shows that ch is a Hopf algebra isomorphism by using (|6.3|). □ 



Recall that we have defined a bilinear form ( , )^ on i?p and a bilinear 
form on denoted by ( , )^. The lemma below follows from our 
definition of ( , )^ and the comultiplication A. 

Lemma 6.5. The bilinear form ( , )^ on can be characterized by 
the following two properties: 

1) . (a_ n (/3), a- TO ( 7 )>^ = f 5 n ,m(A 7>€, ft 7 e T*, m,n G 2Z + + 1. 

2) . {fg,h)'^ = (f<g>g,Ah)'^, where f,g,h G , and the bilinear form 
on the r.h.s of 2), which is defined on S r <8> , is induced from ( , )^ 
on S*p . 

Theorem 6.6. The characteristic map ch is an isometry from the 
space (Rr,( , ) € ) to (5f , ( , )£). 

Proof. Let / and g be any two super class functions in R~(T n ). By 
definition of ch (|6.1|) it follows that 

(ch(f),ch(g% 

2 (l( P )+l{ P '))/2 

= E zz , f(p)g(p'W- P ,a'_ 7 y, 

p,p'eov n (r,) p p ' 

r,(l(p)+l(p'))/2 y 

= e ^/(pmp) n ^ c ) z(p(c)) 

peOPn(r,) p cer, 

= 

where we have used the inner product identity (|5.4j) . □ 
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Remark 6.7. We can also prove it by showing that the characteristic 
map preserves the inner product of basis elements a p G and that 
of a_ p = ch(a p ) G as in ||FJW1| . 



From now on we will identify the inner product ( , )^ on R r with the 
inner product ( , )^ on . As a special case, the standard Hermitian 
form on R~(T n ) and therefore on R^ is compatible via the character- 
istic map ch with the Hermitian form characterized by ( |5.3|) on ■ 

7. Vertex operators and R r 

7.1. A central extension of Rz(T)/2Rz(T). From now on we assume 
that £ is a self-adjoint virtual character of T, and thus Rz(T) is an 
integral lattice under the symmetric bilinear form ( , )^. 

Let 2R%(T) be the sublattice of Rz(T) consisting of elements 2a, a G 
Ri(Y). The quotient R ¥2 {T) = Rz(T)/2Rz(T) has an induced abelian 
group structure and it can also be viewed as an (r + l)-dimensional 
vector space over F2 = Z/2Z. We will denote by a the natural image 
of a in R$ 2 (T) . Define C\ to be the alternating form: R ¥2 (T) x R ¥2 (T) — > 
F 2 given by ci(a, (3) = (a, (3)$ + (a, a)f(/3, f3)% (mod 2), and let r be its 
rank over F2. 

The alternating form c\ gives rise to a central extension R ¥2 (T) of 
the abelian group R ¥2 (T) by the two-element group (±1) (see [ |FLM1|| ): 



(7.1) 1 ^< ±1 >^ R F2 (T) - R ¥2 (T) - 1, 

such that aba- l b- 1 = (-l) c i( a > 5 ), a, b G R ¥2 (T). 

The elements of R^ 2 {T) can be presented as ie^, where a G Rz(T), 
which implies that dim(R ¥2 (T)) = 2 r+2 . We note that e„ G R^ (T) 
satisfies (e^) 2 = 1. 

Let $ be a subgroup of Rz(T) which is maximal such that the al- 
ternating form C\ vanishes on $/2i?g(r). A variant of the following 
lemma was given in |FLM2| . 



Lemma 7.1. There are 2 <r+1 r °) irreducible R ¥2 (T) -module structures 
on the space C[i?z(r)/$] such that — 1 G R ¥2 (T) acts faithfully and 

(7.2) e _ c _ =e ^ ff (_i)ci(s^ 

as operators on C[i?z(r)/$]. The dimension o/C[i?z(T)/$] is equal to 
2^ r °. 

We will denote the elements of C[i?z(r)/$] by e^, where [a] = 
a + $ G i2 z (r)/$. Clearly 

e 2[a] _ 1 e [a+/3] _ g[a]g[/3]_ 
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For a, (3 G Rz(T) we write the action of (T) on C[Rz(T)/§] as 

(7.3) e^.e [/3] =e(a,/3)e [a+/3] . 

Then one can check that e is a well-defined cocycle map from RziT) x 
Rz(T) — > (±1)- One also has e(a,0) = e(a, — (3). 

7.2. Twisted Vertex Operators X (7, z). Fix an irreducible R^(T)- 
module structure on C[Rz(T)/Q>] described in Eqn. ( |7.3| ). 
We extend the actions of e„ to the space of tensor product 

^ r - = i«F(g)C[i2 z (r)/$], 

by letting them act on the i?p part trivially. 

Introduce the operators i?± n (7),7 G R(T),n > as the following 
compositions of maps: 

tf_ n ( 7 ) : R-(T m ) 2 ^M 7 ^R-(V n xV m )^R-(r n+m ) 
H n (j) : R-(T m ) ^ R-(T n xf m . n ) iT(f m _ n ). 
Define 

H+{>y,z) = Y,H-nh)z n , H-(>y,z) = J2Hnh)z- n - 

n>0 n>0 

We now define the twisted vertex operators X n ( 7 ),n G Z, 7 G i?r by 
the following generating functions: 

(7.4) X + ( 7 , 2 ) = X(>y,z) 

n&L 

= H+(l,z)H-('j,-z)e 1 . 

We also denote 

X~{ llZ ) = X(- 7 ,z) = X( 7 ,-z) 

The operators X n ( 7 ) are well-defined operators acting on the space 
jFp . We extend the bilinear form ( , )g on R^ to jFp by letting 

(/e^e^ = (f,gh6 [aWh f,g G Rf,a,f3 G ifc(r). 
We extend the Z + -gradation from i?p to jFp by letting 
deg a_„( 7 ) = n, deg e T = 0. 
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Similarly we extend the bilinear form ( , )g to the space 

Vf = Sr(g)C[R z (r)/$] 

and extend the Z + -gradation on Sr to a Z + -gradation on V r ~ . 

The characteristic map ch will be extended to an isometry from J 7 ^ 
to Vf by fixing the subspace C[Rz(T)/$\. We will denote this map 
again by ch. 

7.3. Twisted Heisenberg algebra and . We define a_ n (7),n G 
2Z + + 1 to be a map from to itself by the following composition 

JT(T m ) JT(T B ) (9) JT(r m ) !± R-(f n+m ). 



We also define a n (j), n G 2Z + + 1 to be a map from i? r to itself as the 
composition 

R-(f m ) R~(f n )®)R~(? m _ n ) {an -^ h i?-(f m _ n ). 



We denote by R^ the radical of the bilinear form ( , )^ in R^ and 
denote by Rr the quotient R^/R^, which inherits the bilinear form 
( , )g from i?p. 

Theorem 7.2. i?p zs a representation of the twisted Heisenberg alge- 
bra fjr,e[ — 1] fry letting a n (j) (n G 2Z + 1) ac£ as 0^(7) and C as 1. 
i?P is a subrepresentation of R^ over f)r,f[ — 1] quotient R r is 

irreducible. The characteristic map ch is an isomorphism of R^ (resp. 
R°, Rr) and (resp. S®, Sr) as representations over f)r,g[— 1]- 

7.4. The characteristic map of twisted vertex operators. We 

extend the characteristic map ch to a linear map ch: End(R^) — ► 
End(S^) by 

(7.5) ch(f).ch(v) = ch(f.v), f G End(R^), vE R^. 

The relation between the vertex operators defined in ( |7.4| ) and the 
Heisenberg algebra f)r,£ is revealed in the following theorem. 

Theorem 7.3. For any 7 G -R(T) ; we have 

ch(H+(y,z)) = expf ^-a- n (y)z n \ 

V>l,o<ta ' 

ch{H_(y,z)) = expf ^a n (7)^ n J. 
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Proof. Observe that the operator H + (j,z) is the adjoint operator of 
#-(7, z~ l ) with respect to the bilinear form ( , )g. Then the theorem 
follows from Lemma |6.1| and Proposition |6.2| by invoking the charac- 
teristic map. □ 

As a consequence we have 

ch(X( 7 ,*)) 

2 



ex p( ^ a -^) z j ex p(- Yl 

V>l,Ofta ' ^ n>l,o, 



a n (j)z n e^. 

odd 



Thus the characteristic map identifies the twisted vertex operators 
X(j, z) defined via finite groups T n with the usual twisted vertex op- 
erators of ||FLM1|, [FL"M2" . 



8. Vertex representations and the McKay 
correspondence 

8.1. Product of two vertex operators. The normal ordered prod- 
uct : X(a, z)X(/3, w ) :,«,/?£ -R(r) of two vertex operators is defined 
as follows: 

: X(a, z)X(J3, w) := H+(a, z)H+((3, w)H-(a, -z)H-(J3, -w)e^. 

In the following theorem and later the expression (fr^) "'^ 4 repre- 
sents the power series expansion in the variable — . 

Theorem 8.1. For a, (3 G -R(r) one has the following operator product 
expansion identity for twisted vertex operators. 

X(a,z)X(p,w) = e(a,P):X(a,z)X(P,w):\ 



z + w 



Proof. It suffices to compute that 
ch(H^(a,-z)H + ((3,w)) 



exp ( ~~ Y - a n{a)z n j exp( ^ -a-n(P)w n J 

^ n>l,odd ' \i>l,octa ' 

ch(H + (P,w)H_(a,—z))ex.pl—(a,P)^ 

^ n>l,o, 



- z~ n w n 



ch(H + ([3,w)H_(a,-z)) 



Z — W x n 



Z + W 



□ 
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The following proposition is easy to check. 

Proposition 8.2. Given a e R{T),(3 e Rz{T) and n e 2Z + 1, we 

have 

[a n (a),X(P,z)} = (a,P)zX(P,z)z n . 

8.2. Twisted affine Lie algebra g[— 1] and twisted toroidal Lie 
algebra g[— 1] . Let g be a rank r complex simple Lie algebra of ADE 
type, and let A be the root system generated by a set of simple roots 
a\. ... ,a r . Let a max be the highest root. The Lie algebra is gener- 
ated by the Chevalley generators e ai , e_ ai , hi = h ai . We normalize the 
invariant bilinear form on g by (a max , a max ) = 2. 

Let 9 be an automorphism of g of order k and let u = exp(2ni/k). 
The automorphism 9 induces a Z//cZ-gradation for g: 

= ft, 9i = {g e a\0(g) = rfg}, 

and 

[di,9j] C Qi+j. 

The twisted affme Lie algebra g[9] is the graded vector space 

fe-i 

(8.1) q[9] = dt ® t* C[t k , r k ] CC 
with the commutating relations 

(8.2) [a(n),b(m)} = [a,b}(n + m) + -5 n> - m {a\b)C , 

(8.3) [C, a(n)] = 0, a,beg,n,meZ, 
where we used the notation 

a(n) = a®t n , a G g,n E Z. 

When 9 is the identity, g[l] becomes the (untwisted) affine Lie algebra 
g. Let A = (aij)o<i,j< r be the affine Cartan matrix associated to g. 
The submatrix (cLij)i<i,j< r is the Cartan matrix of g. 
The linear map 

h ai > ~h ai 

defines an involution of the Lie algebra g. We will denote the associated 
twisted affine Lie algebra by g[— 1]. Let k a = \{e a + e_ Q ) and p a = 
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|(e a — e_ a ), where a G A. It is easily seen that 

0o = Q)Ck a , 

The basic twisted representation V of g[— 1] is the irreducible highest 
weight representation generated by a highest weight vector which is 
annihilated by a(n),n G Z + ,a G g and C acts on V as the identity 
operator. 

We now introduce the complex twisted toroidal Lie algebra 1] 
(associated to g) with the following presentation: the generators are 

C, hi(m) , x n (±aii) , m G 2Z + 1, n G Z, i = 0, . . . , r; 

and the relations are given by: C is central, and 

[hi(n) , x m (aj)] = aijX n+m (aj), 
(8.4) [x n («j), x n /(-«j)] = 8{hi(n + n') + nS n - n >C}, 



=o 



f lJ J [x n+s (ai), a; n /_ a y_ s (aj)] = 0, if a {j > 



1 V 

s=0 



f [x n+s (ai), x n >_ aij „ s (aj)) = 0, if ay < 



where n, n' G Z, m, m' G 2Z + 1, z, j = 0, 1, . . . , r, and hi(2n) = for 
ji G Z. The twisted toroidal algebra is the g — > 1 limit of the twisted 
quantum current algebra P2| (see a slightly different form in |pj|| ). 

Set ki(2n) = \x2n{.&i) and Pi(2n + 1) = jX2 n +i((^i)- One can check 
that the relations given in ( |8.4| ) are consequences of the twisted algebra 
g[— 1] for the case of 9 = — 1 defined in flS.2| ) (cf. the proof of Theorem 
|3.3| later) . 

8.3. Realization of twisted vertex representations. Let T be a 

finite subgroup of SX 2 (C) and the virtual character £ to be twice the 
trivial character minus the character of the two-dimensional defining 
representation of F "—>■ SL 2 (<C). It is known ||Mc|| that the matrix 
A = (o-ij)o<i,j<r m Sect. [0|is the Cartan matrix for the corresponding 
affine Lie algebra g. 

The following theorem provides a finite group realization of the ver- 
tex representation of the twisted toroidal Lie algebra g[— 1] on ■ 
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Theorem 8.3. A vertex representation of the twisted toroidal Lie al- 
gebra g[— 1] is defined on the space jFp by letting 

Xn{&i) i-> Xnfri), x n [-ati) i-> e(7i,7i)X n (-7i), 
/ii(m) h-> a m (7i), ChI, 

where n £ Z, m £ 2Z + 1, < i < r. 

Proof. All the commutation relations without binomial coefficients are 



easy consequences of Proposition 3.2 and Theorem |8.1| by the usual 



vertex operator calculus in the twisted picture (see |[FLM2| , fJT|). The 
corresponding relations with binomial coefficients in Vf are equivalent 
to 

{z + w) a ^ [X( 7i , z),X( 7j , w)\ = 0, aij > 0, 
{z - w)- a ^ [X( 7l , *), X( 7i , w)} = 0, aij < 0. 



This is again proved by using Theorem pj] with the same method as 



in the quantum vertex operators [J2]. □ 



Recall that 5 = Y^l=o G?i 7 i generates the one-dimensional radical R% 
of the bilinear form ( , )g in i?z(T), where c?j is the degree of the 
irreducible character ji of T. The lattice i?z(r) in this case can be 
identified with the root lattice for the corresponding affine Lie algebra. 
The quotient lattice Rz(Y)/R% inherits a positive definite integral bi- 
linear form. Denote by V the set of non-trivial irreducible characters 
of V: 

T* = {71,72,- •• ,7r}- 

Let Rz(T ) be the sublattice of Rz(T) generated by V . Denote by 
Sym(T ) the symmetric algebra generated by a- n (ji), n £ 2Z+ + 1, i = 
1, . . . , r. Equipped with the bilinear form ( , Sym(T ) is isometric 
to Sr which is in turn isometric to Rr as well. The irreducible R^ 2 (T)- 
module C[i?z(r)/$] induces an irreducible i?p 2 (T*)-module structure 
on C[Rz(T )/<&] given by the restriction of the alternating form c\. We 
let Tq denote the rank of the restriction of Cj, then the statement of 



Lemma [7.1| also holds for the sublattice -Rf 2 (T ) and -Rjjr (r ). In this 
case if the determinant of the Cartan matrix is an odd integer, then 
f o = and the space C[Rz(T )/$] is trivial. 
We define 

F r = S T (g) C[R z (T*)/$] - Sym(T*) (g) C[i2 z (T*)/I], 
F r = #r&C[i? z (r)/l). 
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Obviously ch, when restricted to J 7 ?, is an isometric isomorphism onto 
V r . 

The space T v associated to the lattice i?z(r) is isomorphic to the 
tensor product of the space JF r associated to Rz(F) and the space 
associated to the rank 1 lattice Z6 equipped with the zero bilinear 
form. 

The identity for a product of vertex operators X{^,z) associated 
to 7 G A (cf. Theorem ^.3[ ) implies that Vr provides a realization of 
the vertex representation of q[— 1] on Vr (cf. |[FLM1]1 ). The following 
theorem establishes a direct link from the finite group T G SL 2 (C) to 
the affine Lie algebra g[— 1]. This gives a twisted version of the new 
form of the McKay correspondence given in [ F JW1|| . 



Theorem 8.4. The operators X n (j),^ G A, a n (ji),i = 1,2,... ,r,n G 
Z define an irreducible representation of the affine Lie algebra g[— 1] on 
Ty isomorphic to the twisted basic representation. 



9. Vertex operators and irreducible characters of T n 

In this section we specialize £ to be the trivial character 70 of T. We 
will describe how to obtain the character table for the spin supermod- 
ules of T n from our vertex operator approach, generalizing |Tj]] . 

9.1. Algebra of vertex operators for £ = 70 . In this case the 
weighted bilinear form reduces to the standard one ( , ) and Rz(T) 
is isomorphic to the lattice Z r+1 with the standard integral bilinear 
form. Recall that (7i,7y) = <%■ For simplicity we will only consider 
the vertex representations on the space Rr- In the following result the 
bracket { , } denotes the anti-commutator. 

Theorem 9.1. The operators X+{pfj), X~(7j) (n G Z, < % < r) gen- 



erate 


a generalized Clifford algebra: 












i ^3 






0. 






{X+( 7j ),X+( 7j )} = 


2(- 




(9.1) 


{X-( Tl .),X-(7 i )} = 


2(- 






[X+( 7i ),X-,(7i)] = 


0. 


i ^ J 




{X+( 7j ),X-,(7 J )} = 


25n 


-n'- 



Proof. It follows from the standard vertex operator calculus (cf. [ PUD 
by using Theorem |8.1|. □ 
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Therefore we see that is isomorphic to the tensor product of r + 
1 copies of the space R~ , the sum of Grothendieck groups of spin 
characters of S^-supermodules. 

Remark 9.2. Let A = (1 — 5ij)r r +i)x(r+i)-, the matrix of the alternating 
form ci over F2, then A 2 — fl . Here r = if r is even and 1 if r is 
odd. Consequently it follows from Lemma [Tj] there are exactly 2 r+1 
irreducible i?J 2 (r)-module structures on the 2 ~ 1 -dimensional space 
C[i?z(r)/$]. One of the (at most) two irreducible module structures 
is given by the cocycle 6(7^,7^) = 1, for i < j, and 6(7^,77) = —1, for 
i > j. Then the vertex operators X^iji) generate the twisted Clifford 
algebra on the space jFf defined by {X^ (ji) , X^,^)} = 2(— l) n SijS n _ n / 
and {X+(ji),X~(ji)} = 25 ij S rh - n i. 

9.2. Super spin character tables of r n and vertex operators. 

We now use the twisted vertex operators to construct all irreducible 
characters of spin supermodules of T n for all n. 

Let i?g(r n ) be the lattice generated by the characters of spin irre- 
ducible r n -supermodules. Then R^(T n ) £g> C ~ R~(T n ). 

First we construct a special orthonormal basis in R^ and then use 
them to give irreducible characters of spin r n -supermodules. The ver- 
tex operator X n (j) is defined as in ( [7.4[ ) except that we drop e^. The 
following is easily seen (cf. [[TT|1 ). 

Lemma 9.3. For n G Z, a G R(T) and 7 G T* , we have 

X_„(± 7 ).l = 5 nfi , n > 0. 

For a m-tuple index = • • • , m ) G Z m we denote 

X^( 7 )=X 01 (7)---X 0m ( 7 ).l, 
^(7) = (X^(7).l)---(X^( 7 ).l). 

We also define the raising operator Rij by 

Rij(4>l, • ■ ■ , 0m) = (01, ■ ■ • , 4>i + 1, ■ ■ • , 4>j - 1, • • ■ , 0m)- 

Then we define the action of the raising operator R^ on X^(j) or 0^(7) 
by X Rij<i> (j) or x Rij4> (j). 

Given A G OV(T*), we define 

X x = J]X_ A(7) ( 7 ). 

7er* 

Similarly we define Xa = ri 7 er* X A(7)(7)- 
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Theorem 9.4. The vectors X x for A = (A( 7 )) 7er * e SV(T*) form 
an orthogonal basis in the vector space with (X\,Xp) = 2 l( - x ^S\^. 
Moreover, we have that 

7er, i<j lJ 
(9.3) = x x + ^2 c a,m^' 

where c\ tlJl G Z, and Rij is the raising operator. 

Proof. The generalized Clifford algebra structure (|9.f| ) implies that the 
nonzero elements 

of distinct indices generate a spanning set in the space . To see that 
they satisfy the raising operator expansion we compute that 

X( 1 ,z 1 )---X( 1 ,z l ).l 



=:X(7^i)---X( 7 ^):H 



Zi - z 



j 



■ Z{ ~ Zi 

Using the result in (TTI] it follows that this is exactly the generating 
function of the raising operator expansion at the case F is trivial under 
the isomorphism ch. In other words, equation ( |9.2| ) is true when A is a 
characteristic partition- valued function. 

Next the orthogonality follows from the generalized Clifford algebra 
commutation relations in Theorem The orthogonality relations 
show that the raising operator is not affected by the character 7, hence 
the general case follows by multiplying the raising operator formula for 
each 7. □ 

The corresponding basis in are the classical symmetric functions 
called Schur's Q- function fJlfl . For any strict partition A = (Ai, ... , A;), 
the Schur's Q-function Q\ is determined by [jSJ Q 

(9.4) Qx (y h ...,y n ) = 2 l £ <V4) II T - T ' 

where S n -i acts on yi+i, ■ ■ ■ ,y n and we allow Xj = for j = l + l, ■ • • ,n. 
It is known (see for example [M, [IT]) that Q\, A G SV n form a basis 
in the subring of symmetric functions generated by the power sums 

pi,p 3 ,p 5 ,.... 

We can think of a_ n ( 7 ),n > 0, 7 G T* as the n-th power sum in a 
sequence of variables y 7 = (yi y )i>i- In this way we identify the space 
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5fT with a distinguished subspace of symmetric functions generated by 
odd degree power sums indexed by P\ In particular given a strict 
partition A we denote by Qx{l) the Schur's Q-function associated to 
y 1 . We also denote by Qxd) the corresponding element in by the 
identification of S'f and For A G V(T*), we denote 

(9.5) Q x = HQx^eSf. 

7er* 

For A G SV{T*) we define 

(9.6) Q x = 2 -WA)^(A))/ 2 g A) 

where d(X) is the parity of A (see (|2.14j ). Similarly we define q x = 
2-('W- d ( A ))/ 2 n 7er *,i?A i ( 7 )(7) ) where g m ( 7 ) = Q {m )(l)- In particular 
we have 

ch{xnii)) = g n = z~ W2 qn(i) = 2- H/2 g (n) ( 7 ). 



The following result immediately follows from Theorem |9]4] combined 
with the characteristic map ch and (|9.6j). 



Proposition 9.5. For strict partition-valued function A G SV(T*) we 
have 

(9-7) ^ ^ f 1 if A is even, 

(Qx,Q\) = { 

12 if X is odd. 

The following result generalizes a similar result of |Jo| for trivial V. 

Lemma 9.6. Under the characteristic map ch the symmetric functions 
q x corresponds to a character in R% (T n ) and Q x correspond to a virtual 
character in R%(T n ). 

Proof. Observe that the tensor product of two irreducible supermod- 
ules of type Q is a sum of two irreducible supermodule of type M 
(see Proposition |3.7|) . Computing its inner product we know that for 
positive odd integers m and n the character Xn(l)Xm(l) is twice of 
some irreducible character. Then by induction we see that ch~ l (q x ) 
is a character in R^(T n ). From Theorem |9]3] we see that Q x is a Z- 
linear combination of with A ^> /z, hence Q x is a virtual character 
of f n . □ 

For A G SV n (T*), we define T x = r A ( 70 )X • • • xr A ( 7r ). For a partition 
\x and an irreducible character 7 of T, we define the spin character 
Xtiil) of to be Xmi(7) ® • • • ® X w (7) ( see Corollary [O^. 
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Theorem 9.7. For each strict partition-valued function A G SV n (T*), 
the vector Q x corresponds, under the characteristic map ch, to the ir- 
reducible character \\ of the spin Y n -supermodule given by a Z-linear 
combination of 

(9-8) In a% n X P (7 )(lo) ® • • • ® Xp( 7 r)(7r), 

where p ^ A and t/je /irs£ summand is p — A mt/i multiplicity one. The 
parity of xx is equal to d(X) = n — /(A) (mod 2). Its character at the 
conjugacy class of type p G CTP^r*) zs equal to the matrix coefficient 

(9.9) 2^ l ^ +d ^/ 2 (X x ,a_ IM ). 

Moreover the degree of the character is equal to 

/g io) 2 «"- , i A »" 2 J n i TT ( ^sh)'^ tt Kbh^M ) 

1 ' i 1 . l n i£ ,<« 7) ,A,(7)!fiA,(-,) + A,( 7 ))- 

where [_a\ denotes the smallest integer > a. 

Proof. Suppose we know that Q x corresponds to the character of an ir- 
reducible r n -supermodule. By fl5.4Q and definition of the characteristic 
map we see immediately that the linear combination ( |9.8| ) is given by 
the vertex operator structure and the matrix coefficient ( |9.9| ) give the 
character table of all irreducible supermodules. 

First we observe that the number of irreducible spin supermodules of 
type M is equal to the number of even strict partition-valued functions, 
which are realized by the vectors 2~W A )- d ( A ))/ 2 X A (7) (A G SV°(T*)) up 
to signs. As for the vectors 2-W A )- rf ( A ))/ 2 X A (7) with (A G SV 1 ^*)), it 
follows from Theorem |9.4] and Proposition |3.5| that each of such vectors 



corresponds to a virtual irreducible character in R% (T n ) of type Q : since 
the case of sum or difference of two irreducible characters of type M 
is ruled out by the orthogonality. To show that they correspond to 
actually irreducible characters it is sufficient to show that the value of 

ch-\2-^- d ^ 2 X x { 1 )) 

at the conjugacy class of the identity element of T n is positive. 

Let c° G be the class consisting of the identity in V. The type of 
the identity element in T n is the partition-valued function p such that 
p(c°) = (l n ) and p(c) = for c ^ c°. Recall from Q that a m (c°) = 
X] 7£ r* d e 9(l) a m(l)- By comparing weights and using orthogonality 
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(Theorem |9.4| ) we have 

(Xx,a , _„) = (X m ,a» 1 (<P)) 

=(n^( 7) (7),(E(^) a -iw) n ) 

7 er* 7 er* 

76 r* 1 vvi- 7e r* 
By the result of (6.51) in (TIJ we have 

Ai(t)! • • • A/(a( 7 ))(7)! + Xj{V 

which implies the formula ( p.lOj ), thus the theorem is proved. □ 

The irreducible spin r n -supermodules can be described easily as fol- 
lows. For each irreducible character 7 £ T* let ?7 7 be the irreducible 
T-module affording 7. For each strict partition v let V u be the corre- 
sponding irreducible spin supermodule of S n . Using the construction 
of Sect. [Ol , we see that U® n <S> V v is a spin r n -supermodule. 

Proposition 9.8. For each strict partition-valued function A = (A(7)) 
£ SV n (T*), with m of the partitions A (7) being odd, the super tensor 
product 

11 (U^ ® V A(7) ) 
7 er* 

decomposes completely into 2 T"^/ 2 ! copies of an irreducible spin T\- 
supermodule. Denote this irreducible module by W\. Then the in- 
duced supermodule Ina% n W\ is the irreducible spin T n - supermodule cor- 

responding to X, and it is of type M or Q according to d(A) = n — /(A) 
is even or odd. 

Proof. Let V\ be the irreducible spin r n -supermodule corresponding to 
A. It follows from Theorem |9.7| that V\ is an irreducible component of 

Ina%"W x . 

Note that the supermodule f/®^ 7 ^ <g> is irreducible and is of 
type M (or type Q) according to d(X(j)) = \X(j) \ — Z(A(7)) even (or 
odd). Let A(7 io ), • ■ ■ , A(7» m _ 1 ) be odd partitions, and let A (7^), ■ ■ • , 
A(7i r ) be even partitions. Then the parity of A equals the parity of m, 
i.e., d(X) = n — /(A) = m {mod 2). 

It follows from Proposition [3/?] that ri 7 er* U® 1 ^ 1 ^ <8> V\( 7 ) decom- 
poses completely into r ^ m l 2 ~\ copies of the irreducible supermodule W\ 
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of T A , and W\ is of type M if m is even and of type Q otherwise. The 
degree of Inc£ n W\ equals to ^r\deg(W\), and we have 

deg(W x )=2-^ 11 deg^Y^degiV^)) 
7e r* 

7 A i 1 rW^)) A*(7)! y A 4 ( 7 ) + A,(7) j ' 

where we have used the degree formula ( |9.10| ) for the special case of 
S n . The exponents of 2 in the first factor and the product sum up to 

J>(A( 7 ))J - [m/21 

7er* 

= y^ 1 d (Hlis)) + 1 djHlis)) _ m-m 

2 2-^2 2 

s=0 s=m 

n — /(A) m n — Z(A) 

= 2 + ~2 = ^ 2 J ' 

where m = or 1 according to m is even or odd. Thus the degree of 

Ind£ n W\ is exactly the one given by Eqn. (19.101). Hence Ind£ n W\ is 
p a ^ r A 

the irreducible spin r n -supermodule V\ corresponding to A. □ 
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